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We perform both molecular dynamics simulations and theoretical analysis to study the sensitivity
of the graphene nanomechanical resonator based mass sensors, which are actuated following the
global extended mode or the localized edge mode. We find that the mass detection sensitivity
corresponding to the edge mode is about three times higher than that corresponding to the extended
mode. Our analytic derivations reveal that the enhancement of the sensitivity originates in the
reduction of the effective mass for the edge mode due to its localizing feature.
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The nanomechanical resonator (NMR) has been pro-
posed to be good mass sensors that are able to weigh
cells, biomolecules, and gas molecules,1–4 as the adhe-
sion of external molecules lead to the shift of the res-
onant frequency of the resonator.5–7 Typically, the ad-
hesion of masses will lead to the red-shift of the reso-
nant frequency.8,9 To achieve high-sensitivity mass sen-
sor, resonators based on ultra light materials with high
resonant frequency are most favorable.2,6 Two dimen-
sional materials attracted many interests because of its
excellent mechanical properties (high Young’s modulus,
elasticity and breaking strength) and low mass. For ex-
ample, Lee et al. 10 fabricated high frequency nanome-
chanical resonators based on MoS2 with thickness about
6 nm (a stack of 9 monolayers), which exhibit fre-
quency up to 60 MHz. Castellanos-Gomez et al. 11 fab-
ricated single-layer MoS2 mechanical resonators and the
resonance frequencies are around 10 MHz to 30 MHz.
Morell et al. 12 investigated the monolayer transition
metal dichlcogenides (TMD) resonators at cryogenic tem-
peratures, and find that the quality factor increases
with decreasing temperature. Compared to these two-
dimentional materials, graphene has larger Young’s mod-
ulus, elasticity and breaking strength, and extremely
low mass, which is of great important for mass sensing.
In 2006, Bunch et al. 13 fabricated nanomechanical res-
onators use single and multilayer graphenee sheets and
find that the resonator has an ultimate limit on the force
sensitivity of 0.9 fN/Hz1/2. Graphene resonantor’s fre-
quency can be tuned to the order of THz by decreasing
its size to nanometer.14–17 Furthermore, graphene has a
larger surface area for the adsorption of molecules. As a
result, the graphene nanomechanical resonator shall be a
promising mass sensor. It was demonstrated experimen-
tally that carbon nanotube resonator is able to detect the
mass variation on the order of one gold atom.2,18,19
The resonant oscillation morphology of the NMR also
plays an important role in the sensitivity of the NMR
based mass sensor. The global extended mode and the
localized mode are two typical modes that can be used to
actuate the resonant oscillation of the NMR. In the global
extended mode, all atoms are involved in the vibration,
while only a group of atoms are involved in the vibration
of the localized mode.20 The edge mode is a particular
type of localized mode, where only atoms near the edge
are involved in the vibration. Experiments have illus-
trated that ultra-high sensitivity can be achieved in the
mass detection by using the eigen vector of the localized
edge mode in the silicon beam.21–25 However, most ex-
isting works on the graphene NMRs (GNMRs) are based
on the global extended mode, but the GNMRs have not
been actuated with the localized edge mode. In particu-
lar, it is still unclear that whether the edge mode based
GNMRs will have higher sensitivity or not as compared
with the global extended mode.
In this work, we perform molecular dynamics simula-
tions to comparatively investigate the sensitivity of the
mass detection using the GNMRs, which are actuated
with the global extended mode or the localized edge
mode. The mass sensitivity corresponding to the edge
mode based resonator is about three times higher than
the extended mode based resonator. The enhancement of
the sensitivity can be attributed to the reduction of the
effective mass in the localized edge mode as compared
with the global extended mode. We derive analytical
formula for the effective mass of the extended mode and
the edge mode, which are in excellent agreement with
numerical results.
The basic principle for sensing mass with nanomechan-
ical resonators is the mass dependence for the resonant
frequency. The resonant frequency will exhibit a red-
shift when an adsorbate is adhered to the resonator.
In general, the magnitude of the adsorbate induced fre-
quency shift depends on the vibrational morphology of
the resonator and the location of the adsorbate. For
two-dimensional graphene, the frequency of the resonant
oscillation is related to the mass of the system as follows,
f = R
1√
m
, (1)
where the parameter R reflects material’s properties of
the resonator such as the bending rigidity and dimension
2aspect ratio. Some simple algebra gives the frequency
shift (∆f) induced by the mass variation (∆m),
∆f = − f0
2m0
∆m, (2)
where f0 and m0 is the frequency and mass of the pure
GNMR.
According to Eq. (2), the coefficient f0/2m0 can be
treated as the mass sensitivity. It is desirable to use a
material of low density but with high resonant frequency
f0, so that high mass sensitivity can be achieved. The
mass m0 in Eq. (2) actually represents the effective mass
of the resonant vibration mode in the resonator. In pre-
vious works, the resonant mode excited in the graphene
nanomechanical resonator has an extended vibrational
morphology, i.e., all atoms are involved in the vibra-
tion, so the effective mass m0 is indeed the total mass
of graphene. However, in contrast to the extended mode,
for localized modes, only a small portion of atoms are in-
volved in the vibration, so the effective massm0 in Eq. (2)
represents the total mass of these vibrating atoms. In
particular, the effective mass for the localized edge mode
is much smaller than that of the extended mode. The
edge mode in graphene is one particular localized mode,
with atoms in the edge region involved in the vibration,
so the effective mass for the edge mode is much smaller
than the extended mode. As a result, the mass sensitiv-
ity (f0/2m0) for the graphene resonator oscillating with
the edge mode’s morphology shall be much higher than
that of the extended mode. We will thus investigate pos-
sible enhancements for the mass sensitivity by exciting
the edge mode in GNMRs.
Fig. 1 shows the structure of the graphene simulated in
the present work. The dimension is lx× ly = 100×100 A˚.
The left and right ends (of 5.0 A˚ at each end) are fixed
during the simulation, while periodic or free boundary
conditions are applied in the vertical y-direction. The
adsorbate is simulated by the copper atoms. The in-
teraction for graphene is described by the adaptive in-
termolecular reactive empirical bond order (AIREBO)26,
and the interaction among copper atoms is described by
the embedded-atom method (EAM) potential.27,28 Cop-
per and carbon atoms interact through the Lennard-
Jones potential,
VLJ = 4ǫ
[(σ
r
)12
− (σ
r
)6
]
, (3)
with ǫ = 25.78 meV and σ = 3.08 A˚.29 The standard
Newton equations of motion are integrated in time using
the velocity Verlet algorithm with a time step of 1 fs.
Molecular dynamics simulations are performed using the
publicly available simulation code LAMMPS30,31. The
OVITO package was used for visualization32.
We will comparatively study the resonant oscillation
based on the extended mode and the localized edge
mode. There are three major steps for the simulation of
the GNMR that oscillates following the extended mode,
FIG. 1: GNMRs are actuated by (a) the extended mode with
velocity distribution vz = v0 sin(x/lx) and (b) localized edge
mode with velocity distribution vz = v0 sin(x/lx)e
−y/lc . The
left and right ends are fixed during simulation. Color bar
represents the atomic velocity in the z-direction.
where periodic boundary condition is applied in the ver-
tical y-direction in Fig. 1 (a). First, the system is ther-
malized to a constant pressure (0.0 Pa) and temperature
(4.2 K) within the NPT (constant particle number, con-
stant pressure, and constant temperature) ensemble for
1000 ps by the Nose´-Hoover approach.33,34 Second, the
resonant oscillation is actuated by adding a velocity dis-
tribution vz = v0 sin(x/Lx) to the system, which follows
the form of the extended mode. The amplitude v0 is re-
ferred as the actuation velocity. The velocity distribution
is illustrated in Fig. 1 (a). Third, the system is allowed
to oscillate within the NVE (i.e., the particles number
N, the volume V, and the energy E of the system are
constant) ensemble. The dissipation of the resonant os-
cillation energy from the third step is used to analyze the
mechanical oscillation of the system.
Slightly different simulation steps are applied for the
simulation of the GNMR following the morphology of the
localized edge mode. Free boundary condition is applied
in the y-direction in Fig. 1 (b), so there are edge modes
localized at the two free y-edges.35 The system is thermal-
ized within the NPT ensemble for 1000 ps, and graphene
3is stretched by 0.8% so that the warped edges36–38 can
be flattened.39 The resonant oscillation is then actuated
by adding a velocity distribution vz = v0 sin(x/Lx)e
−y/lc
to the system, where lc is a penetration depth and y is
with reference to the edge.35 This velocity distribution
is illustrated in Fig. 1 (b), which follows the vibrational
morphology of the localized edge mode.
In the actuation of the edge mode, the actuation veloc-
ity v0 and the penetration depth lc are two key parame-
ters. We will first examine their effects on the resonant
frequency. To study the effect of the actuation velocity,
the resonant oscillation is actuated following the edge
mode with penetration depth lc = 3 A˚, while the actu-
ation velocity v0 = 1.0, 2.0, 3.0, 4.0, and 5.0 A˚/ps. Re-
sults of this simulation set are shown in Fig. 2 (a). The
data shown in the figure is the Fourier transform of the
time history of the kinetic energy. The central position
of the peak reflects the frequency (actually twice of the
frequency) of the resonant oscillation. There is an obvi-
ous blue-shift of the frequency with the increase of the
actuation velocity, as a result of stronger nonlinear effect
caused by larger actuation velocity. It seems that larger
actuation velocity is favorable, as higher frequency leads
to higher sensitivity. However, with the increase of actu-
ation velocity, the Fourier peak will be broadened consid-
erably, leading to larger error in extracting the frequency
value. We thus use a moderate value of v0 = 2.0 A˚/ps
for the following simulations.
To study the effect of the penetration depth on the sim-
ulation, we actuate the resonant oscillation following the
edge mode with actuation velocity v0 = 2.0 A˚/ps, and
the penetration depth lc = 3.0, 5.0 and 7.0 A˚. Fig. 2 (b)
shows that the width of the Fourier peak will be broad-
ened with the increase of the penetration depth, which
is not favorable. We thus use lc = 3.0 A˚ in the following
simulations.
We now compare the mass sensitivity of the GNMRs
working based on the extended mode or the localized
edge mode. As shown in Fig. 3, the resonant frequency
will be reduced more by adsorbing more copper atoms
on graphene. The frequency shift in Fig. 3 (b) for the
GNMR based on the edge mode is obviously larger than
Fig. 3 (a) for the GNMR based on the extended mode.
The exact value of the frequency is extracted by doing
a Gaussian fitting to the Fourier peak. The frequency
shift is illustrated in Fig. 4 for the resonant oscillation
following the extended mode or the edge mode. A linear
fitting yields the mass sensitivity of 2.94 MHz/amu and
9.59 MHz/amu for the GNMRs based on the extended
mode and the edge mode, respectively. Our molecular
dynamics simulations show that the mass sensor based
on the edge mode is about three times more sensitive
than the mass sensor based on the extended mode.
We will now provide some analytic explanations for the
enhancement of the mass sensitivity by actuating the res-
onator using the edge mode. According to Eq. (2), the
mass sensitivity is ∆f/∆m = f0/2m0, where the mass
∆m is the variation of the total mass. In other words,
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FIG. 2: The effects of actuation velocity and penetration
depth on the resonant oscillation of GNMRs following the
morphology of edge mode. The y-axis shows the Fourier
transformation of the time history of the total kinetic en-
ergy. (a) The resonant oscillation is actuated with lc = 3.0 A˚
and different v0. (b) The resonant oscillation is actuated with
v0 = 2.0 A˚/ps and lc = 3.0, 5.0, and 7.0 A˚.
the mass variation ∆m is uniformly distributed over the
whole GNMR. However, in the above numerical simula-
tions and also in practical applications, adsorbates are
adhered to some local regions of the GNMR, so some
structural corrections are needed for the expression of the
mass sensitivity. As a result, the mass sensitivity shall
be ∆f/∆m = (f0/2m0)S, where S = 1 − cos(2πx/lx),
with x as the position of the adsorbate, is the structural
correction factor proposed by Dai et al. 40 . The physi-
cal meaning of this structural correction factor is that an
adsorbate at x = lx/2 (with maximum oscillation am-
plitude) causes the strongest influence on the frequency
with S = 2.0; while an adsorbate near two fixed ends
(x = 0 or lx) induces neglectable reduction on the fre-
quency with S = 0.0. In this work, the adsorbs locate at
x = lx/2, so the structural correction factor is S = 2.0.
For the extended mode, the effective mass m0 = 0.9mg
with mg as the total mass of graphene. A factor of 0.9 is
to exclude the two fixed regions in the x-direction. The
frequency f0 = 112.46 GHz. After some simple alge-
bra, we obtain the mass sensitivity of the extended mode
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FIG. 3: Adsorbate induced red-shift for the resonant fre-
quency in GNMRs following the morphology of (a) the ex-
tended mode and (b) the localized edge mode. Lines are
Gaussian fitting results.
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FIG. 4: The frequency shift versus the adsorbate mass.
(f0/2m0)S = 2.86 MHz/amu. This analytic result is in
good agreement with the numerical simulation result of
2.94 MHz/amu.
For the edge mode, the effective mass m0 is computed
FIG. 5: The coordinates (y, z) for atoms at x = lx/2 (as
indicated by the arrow in the inset). Three sets of data are
the structure at three different simulation time. These three
data sets are fitted to z = ae
(− y
l′c
)
+ b with the same value of
l′c = 10.44 A˚. Here y is with reference to the lower boundary
of the inset.
as follows
m0 = 0.9×mg
2
ly
∫ ly
2
0
e−y/l
′
cdy, (4)
where the integration over y is performed in half of
the graphene plane with y ∈ [0, ly/2]. The exponen-
tial function is the shape of the graphene plate dur-
ing the resonant oscillation following the morphology
of the edge mode. The critical length l′c is obtained
from the snapshots from the molecular dynamics sim-
ulation. Fig. 5 displays the coordinates (y, z) for atoms
at the middle vertical line with x = lx/2. Positions of
these atoms are varying during the resonant oscillation
of the system. We have shown the positions at three
different simulation times, which can be well fitted to
the exponential function with the same critical length
l′c = 10.44 A˚. With this critical length, we can thus ex-
tract that m0 = 0.9mg×0.21 for the localized edge mode
from Eq. (4). The frequency for the pure GNMR actu-
ated by the edge mode is f0 = 66.74 GHz. As a result,
the mass sensitivity for the edge mode based GNMR is
(f0/2m0)S = 8.12 MHz/amu, which agrees quite well
with the numerical result of 9.59 MHz/amu. This ana-
lytic value for the mass sensitivity is about three times
larger than the analytic value of 2.86 MHz/amu for the
extended mode based GNMR.
We have thus demonstrated both numerically and an-
alytically that the mass sensitivity of the edge mode
based GNMR is about three times higher than the ex-
tended mode based GNMR. According to Eq. (2), high
frequency and low effective mass are required for a mass
sensor of high sensitivity. We find that the frequency
(66.74 GHz) of the resonator based on the localized edge
mode is slightly lower than the frequency (112.46 GHz)
of the resonator based on the extended mode. How-
ever, from the analytic derivation, it is clear that this
5sensitivity enhancement is achieved through the localiza-
tion property of the edge mode as illustrated by Eq. (4).
More specifically, the effective mass for the edge mode
(0.9mg × 0.21) is only one fifth of the effective mass for
the extended mode (0.9mg), which directly leads to the
great enhancement of the mass sensitivity according to
Eq. (2).
It should be noted that temperature plays an impor-
tant role for the nanomechanical resonator. The energy
of the resonator dissipates faster at higher temperature.
It is because the nonlinear phonon-phonon scattering is
stronger at higher temperature, which leads to the dissi-
pation of the resonant energy. There is a common diffu-
sion issue for the mass detection at high temperature; i.e.,
adsorbates will diffuse around the surface of the graphene
resonator at high temperatures, as the interaction be-
tween the adsorbate and graphene is weak.
In conclusion, we have investigated the ability of de-
tecting masses on the atomic level for the GNMR, which
works based on the extended mode or the localized edge
mode. As compared with the extended mode, the mass
sensitivity of the GNMR can be upgraded by a factor of
three by using the localized edge mode as the oscillation
morphology. We derive the analytic results for the mass
sensitivity, which discloses the underlying mechanism for
the high mass sensitivity to be the much smaller effec-
tive mass of the localized edge mode as compared with
the extended mode.
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